We investigate the existence problem of group invariant matrices using algebraic approaches. We extend the usual concept of multipliers to group rings with cyclotomic integers as coefficients. This concept is combined with the field descent method and rational idempotents to develop new non-existence results.
Introduction
A weighing matrix M = W (v, n) is a square matrix of order v with entries 0, ±1, and satisfying M M T = nI, for some positive integer n, where I is the identity matrix. The integer n is called the weight of the matrix. The most important question in the study of weighing matrices is: For what values of v and n, does there exist a W (v, n)? For the special case where v = n, the weighing matrix is an Hadamard matrix. Hadamard matrices have been studied intensively, see [36] for an overview. For a survey of weighing matrices, see [20] . See [32, 24, 22, 15, 14, 37, 18, 31, 41, 16] for further references.
For our studies, we only focus on weighing matrices which are invariant under a group operation. Let G be a group of order v. A matrix M = (m f,h ) f,h∈G indexed with the elements of G is said to be G-invariant if m f k,hk = m f,h for all f, h, k ∈ G. Notice that a group invariant matrix can be identified solely by its first row.
If G is a cyclic group, then a G-invariant weighing matrix is circulant. Circulant weighing matrices have been studied much more intensively compared to other group invariant weighing matrices. We denote a circulant weighing matrix by CW (v, n).
In the present paper, we prove the non-existence of infinite families of group invariant weighing matrices. Our algebraic approaches mainly consist of the "F-bound", generalized multiplier theorems, analysis of cyclotomic integers of prescribed absolute value and rational idempotents. In particular, we solve 19 open cases of circulant weighing matrices of order less than 200. We append the most updated version of Strassler's table concerning the existence status of circulant weighing matrices of order at most 200 and weight at most 100; see Table 3 . Detailed references for each case are provided as well. In addition, we solve some open cases in the table of group invariant weighing matrices of [4] , where the group is abelian but non-cyclic. Summary of these results are shown in Table 4 . In this paper, all previously known results are labeled as "Result xyz". This paper generalizes some of the results of the author's thesis [39] to abelian groups. Previously, these results were shown only for cyclic groups.
Preliminaries
Let G be a finite abelian group and ζ u be a primitive u-th root of unity. The cyclotomic group ring Z[ζ u ][G], is a ring that consists of elements of the form X = g∈G X g g with X g ∈ Z[ζ u ]. We call X g the cyclotomic coefficient of g in X.
A group homomorphism G → H is always assumed to be extended to a group ring homomorphism Z[ζ u ][G] → Z[ζ u ][H] by linearity. Similarly, given a character χ of G, we define χ(X) = g∈G X g χ(g).
Let t be an integer coprime to u|G| and σ t ∈ Gal(Q(ζ u )/Q) be the automorphism defined by ζ σt u = ζ t u . We define
Note that X (−1) = g∈G X g g −1 , where the bar denotes complex conjugation.
An element ±ζ e u gX for some g ∈ G and e ∈ Z is called a translate of X. We say that X, Y ∈ Z[ζ u ] are equivalent if there are σ ∈ Gal(Q(ζ u )/Q) and a root of unity η with Y = ηX σ .
Note that when u = 1, the coefficient ring is the ring of integer. Given D = g∈G a g g ∈ Z[G], we call the set of group elements with non-zero coefficients in D the support of D, written as supp(D) = {g ∈ G : a g = 0} .
For a subset S of G, we will also use the same symbol S to denote the corresponding group ring element g∈S g.
We can identify a G-invariant matrix M = (m f,h ) with the group ring element D = g∈G m 1,g g of Z [G] . Note that M T is identified with
under this correspondence. Hence, a G-invariant weighing matrix of order v and weight n is equivalent to an element D of Z[G] with coefficients 0, ±1 only and satisfies
This is the formulation we will use in the rest of our paper. Note that a weighing matrix D = g∈G a g g has weight n = g∈G a 2 g . The weight must be a square, as n is also equal to | g∈G a g | 2 .
A weighing matrix D ∈ Z[G] is said to be proper if Dg / ∈ Z[H] for all g ∈ G and all proper subgroup H of G. In this paper, we consider only proper group invariant weighing matrices. We call two weighing matrices D, E ∈ Z[G] equivalent if there are g ∈ G and t ∈ Z with gcd(t, |G|) = 1 such that E = ±D (t) g.
Consider the natural projection from G to H. The image of a weighing matrix under this projection is called integer weighing matrix. An integer weighing matrix is denoted by IW a (v, n), where a is a positive integer. It is defined the same way as weighing matrix W (v, n), but with the entries not confined to {0, ±1} but to {0, ±1, ±2, . . . , ±a} instead. We denote an integer circulant weighing matrix by ICW a (v, n). Note that we remove the subscript a when a = 1.
In this paper, we let C v denote the cyclic group of order v. For a divisor u of v, we always view C u as a subgroup of C v . The identity element of a group is denoted by 1. For a prime p and integer x, let x(p) be the p-free part of x, i.e., x = x(p)p a where x(p) is coprime to p. For relatively prime integers t and s, we denote the multiplicative order of t modulo s by ord s (t). In addition, we denote the number of distinct prime divisors of an integer u by δ(u) and the Euler totient function by ϕ.
The following is a standard result, see [12, VI, Lem. 3.5] .
Result 2.1 (Inversion Formula). Let G be an abelian group andĜ be the group
where b, t are positive integers, and t is self-conjugate modulo v. Then
Result 2.7 (Ma [29] ). Let p be a prime and let G be a finite abelian group with a cyclic Sylow p-subgroup.
where P is the unique subgroup of order p of G.
An element X of Z[ζ v ] can be expressed uniquely in terms of an integral basis of Q(ζ v ) over Q. Note that throughout this paper, we use the integral basis B as defined in the following result. See [33, Lem. 2.4 ] for a proof.
is an integral basis of Q(ζ u ) over Q. Suppose X ∈ Z[ζ u ] has the form:
where b 0 , . . . , b u−1 are integers with |b j | ≤ C for some constant C. Then, if we express X in terms of the integral basis B, we will have
where the integers c x satisfy
The reader may refer to the proof of the following corollary in [39, Cor. 1.3.14].
The following notations and definitions are required in order to use the field descent method [33] . For a prime p and a positive integer t, let ν p (t) be defined by p νp(t) ||t, i.e., p νp(t) is the highest power of p dividing t. By D(t) we denote the set of prime divisors of t.
Definition 2.10. Let v, n be integers greater than 1. For q ∈ D(n), let
for primes r > 2 with the convention that b(2, v, n) = 2 if D(n) = {2} and b(r, v, n) = 1 if D(n) = {r}. We define
Note that we define an empty product as 1.
The following result was proved in [34, Thm. 2.2.8].
Result 2.11. Assume XX = n for X ∈ Z[ζ v ] where n and v are positive integers. Then Xζ
for some integer j.
We use the following important consequence of Result 2.11.
Result 2.12 (F-bound). Let X ∈ Z[ζ v ] be of the form
with |a i | ≤ C for some constant C and assume that n = XX is an integer. Then
Multiplier Theorems
Multipliers were first introduced for the studies of difference sets. Arasu and Seberry [11] were the first to notice its applications to the studies of circulant weighing matrices. Arasu and Ma [9] extended the concept of multipliers from integer group rings to cyclotomic group rings, which helps to tackle cases where gcd(v, n) > 1. However, their result only covers cyclic groups. We will generalize their result to abelian groups and give a simpler proof.
where G is an abelian group and u is a positive integer. An integer t with gcd(t, u|G|) = 1 is called a multiplier of X if
for some g ∈ G and e ∈ Z.
The following classical multiplier theorem is due to McFarland, see [30, Thm. 9 .1]. 
where the p i 's are distinct primes. Let t be an integer with gcd(v, t) = 1 and suppose there are integers f 1 , · · · f s such that
Then t is a multiplier of D. Furthermore, D has a translate
In the following, we present a partial generalization of Theorem 3.3 in [9] . Note that it contains McFarland's result as a special case. We need the following lemma.
where G is an abelian group and u is a positive integer. If XX (−1) = 1, then X = ±ζ e u g for some g ∈ G and e ∈ Z.
This implies
for all g ∈ G and σ ∈ Gal(Q(ζ u )/Q). Now Result 2.3 implies that there is g ∈ G such that X g = ±ζ e u , for some integer e and X k = 0 for all k = g.
where G is an abelian group and u is a positive integer. Let v = lcm(u, exp(G)). Suppose that
where n is a positive integer with gcd(n, |G|) = 1. Suppose t is an integer that fixes all prime ideals of n in Z(ζ v ). Then t is a multiplier of X.
Since σ t fixes all prime ideals above n in
. Then |χ(E)| 2 = 1 for all characters χ of G. Hence EE (−1) = 1 by Result 2.1 and thus E = ±ζ e u g for some integer e and g ∈ G by Lemma 3.3.
We conclude
This implies X (t) = ±ζ e u gX.
where G is an abelian group and u is a positive integer. Let v = lcm(u, exp(G)). Suppose t is a multiplier of X and X (t) = ±ζ e u gX for some g ∈ G and integer e.
Corollary 3.6. Let p be an odd prime and u be a positive integer coprime to
for some positive integer k coprime to p. Suppose t is a multiplier of X where t ≡ 1 mod u. Then we can replace X by a translate so that X (t) = X.
Proof. Since t−1 ≡ 0 mod u and gcd(u, p) = 1, we deduce that gcd(t−1, p) = 1. It follows from Corollary 3.5 that we may assume X (t) = zX where z = ǫζ e u for some ǫ ∈ {±1} and integer e. For a group element g in V , let X g be the cyclotomic coefficient of g in X. Then X
In particular, when g = 1, we have X 1 = zX 1 . This implies either z = 1 or X 1 = 0. Let ρ be the trivial character of V . Then ρ(X) = g∈V X g . Consider the sequence of orbits under the map g → g t on V , sorted in non-decreasing order of the orbit size. Let s i denote the size of the i-th orbit. Then (2) implies
where Y i is the cyclotomic coefficient of an element g i in X, where g i belongs to the i-th orbit. In the following, we show that z is a w-th root of unity. Let s = ord p d (t) and w = ord p (t). Using (2), we have
This implies either z s = 1 or X g = 0 for all g ∈ V . The latter is impossible, as otherwise X = 0. Hence, z s = 1. Since s is divisible by w and gcd(p, 2u) = 1, we deduce z w = 1. As a result, for any i > 1, since s i is a multiple of w, we have 1
Consequently, ρ(X) = 0. This cannot be true because ρ(X)ρ(X) = k 2 . Hence, z = 1.
Results
We divide our non-existence results on group invariant weighing matrices into three subsections based on the different approaches employed: the field descent method, the generalized multiplier theorems, and the rational idempotent/Weil number approach.
Field Descent Method
In the following, we apply the F-bound stated as Result 2.12 to give an upper bound on the weight of a group invariant weighing matrix.
Corollary 4.1. Let G be an abelian group of order v. Let w be the exponent of
where |a i,h | ≤ a. Let χ be a character of G of order w which is trivial on H.
assertion is proved using the F-bound (Result 2.12).
This result alone is enough to rule out some infinite families of group invariant weighing matrices. In particular, we settle the following open cases from Strassler's table and the table of group invariant weighing matrices in [4] . Table  1 . In the table, c, d, e and f are any non-negative integers. In addition, let v, w and n be as listed in Table 2 . Then G-invariant IW (v, n) does not exist for any abelian group G where its order is v and its exponent is divisible by w. Note that the last column of the Table 1 shows the particular values of v and n which correspond to some previously open cases in Strassler's table. The second column of Table 1 showcases the F -value for each case. Table 1 : CW (v, n)s in violation of Corollary 4.1 
Next we utilize another important concept of the field descent method: the decomposition of group ring elements into two parts, one part corresponding to the subfield given by the field descent and a second part corresponding to the kernel of a map from the integral group ring to a group ring with cyclotomic integers as coefficients. See [28, Thm. A] for the details. The following nonexistence result relies upon such a decomposition. exists, then p ≤ 4a and an ICW 2a (w, p 2e ) exists.
Proof. Write v = p b w and let D be an ICW a (v, p 2e ). Let t be a primitive root mod p and let γ be generator of
where
, and g is an element of C w of order dividing p − 1.
We first show ℓ = 0. Suppose ℓ = 1. Let χ be character of C v with χ(γ
we conclude |χ(D w )| 2 = p 2e−1 , which is impossible, as χ(D w ) is an integer. This proves ℓ = 0.
Next, we show g = 1. Suppose g = 1. As the order of g divides p − 1, there is a prime divisor s of gcd(p − 1, w) which divides the order of g. Furthermore, ord s (p) is even by assumption. Let τ be a character of C v with τ (γ p b−1 ) = ζ p and τ (g) = ζ s such that the order of τ is p b s m , for some positive integer m.
and ord s (p) is even by assumption. Hence 2e − 1 is even by Result 2.5, a contradiction. This shows g = 1.
As g = 1 and ℓ = 0, we get
with |c 2 | > a. But then the coefficient c 3 of kγ
by (4) . This contradicts the assumption that D is an ICW a (v, p 2e ). Hence all coefficients of D w are at most 2a in absolute value. Let ρ :
It remains to show p ≤ 4a. Suppose p > 4a. As D is proper by assumption,
Suppose the coefficient of
We have |e x | ≤ 2a, as D w is an ICW 2a (w, p 2e ). As p > 4a by assumption, we have |2e x | < p. Note that the parabola f (t) = pt 2 − 2te x attains its minimum for t = e x /p and we have |e x /p| < 1. As c is an integer, we conclude
with equality if and only if c = 0. Hence
by (6) with equality if and only if c = 0.
As 
Consider the set of orbits under the map g → g 3 on C v . Equation (8) , we see that the support of ρ(E) will contain 12 elements, each with coefficient 5. Then the sum of the squares of the coefficients in ρ(E) will exceed 81. This gives a contradiction because the image ρ(E) is also an integer weighing matrix with weight 81. So, v = 35. We sort the orbits in non-decreasing order of the orbit size and let c i denote the coefficient of g i in E, where g i is an element in the i-th orbit. By replacing E with −E if necessary, we may assume that the sum of the coefficients in E is 9. We derive the following equations using the relations between the weight and the coefficients of E: 
It can be verified that there is no solution to (9) and (10) with |c i | ≤ 2 for all i. This gives a contradiction.
Generalized Multiplier Method
In this section, we present a collection of non-existence results derived using the generalized multiplier theorems presented in Section 3. These non-existence results correspond to some previously open cases in Strassler's table and in [4] . (a) u, p and k are pairwise coprime.
(b) k > a and k is self-conjugate modulo u.
(c) There is an integer t coprime to up d such that σ t fixes all prime ideal divisors
Proof. Write G = U × V where V is the Sylow p-subgroup of G. Assume there exists a G-invariant IW a (|G|, k 2 ), denoted by E. Let ρ be the natural projection of G to U . Then ρ(E) is also an integer weighing matrix of weight k 2 .
By conditions (a) and (b), we can use Result 2.1 and Result 2.6 to show that ρ(E) = k, up to equivalence. By condition (c), we can use Result 3.2 to show that t is a multiplier of E. Hence, we may replace E by a translate and assume that ρ(E) = k,
and
For each g ∈ G, let a g denote the coefficient of g in E. Then (11) implies that
and (12) implies that a g = a g t for all g ∈ V . Consider the sequence of orbits under the map g → g t on V , sorted in non-decreasing order of the orbit size. Let s i denote the size of the i-th orbit, and c i denote the coefficient of g i in E, where g i is an element in the i-th orbit. Then (13) becomes
Note that if s i > 1, then s i is a multiple of w := ord p (t). Hence, there is an integer M such that c 1 + wM = k.
Note that |c 1 | ≤ a by definition and k > a by assumption. We deduce M is non-zero and thus w divides k − c 1 . That is
This contradicts the original assumption where
The following result is a direct consequence of Theorem 4.6. We use this result to rule out some previously open cases.
Corollary 4.7. Let a, d, m, n, u be positive integers, and let p, q, r be distinct primes where p is odd. Let
.
Let H be an abelian group of exponent up d . Let G be an abelian group such that G/N is isomorphic to H, where N is a subgroup of G of order a. If the following conditions hold, then there is no G-invariant IW (a|H|, k 2 ), where k = r m q n .
(a) u, p, q and r are pairwise coprime.
(c) a < k < w − a.
Proof. Let t to be an integer such that t ≡ 1 mod u and ord p (t) = w. Then the assertion follows directly from Theorem 4.6. 3. p = 23, k = 3, 0 ≤ c ≤ 2 and e = 2, or k = 9, 0 ≤ c ≤ 2 and e = 0, or k = 6, c = 0 and e = 1.
The following theorem extends Theorem 4.6 to the cases of IW a (v, n) where v and n are not coprime. (a) gcd(u, p) = gcd(p, k) = 1.
(b) There exists an integer t such that
Proof. Write G = U × V where V is the Sylow p-subgroup of G. Assume there exists a G-invariant IW a (|G|, k 2 ), denoted by E. Let χ be a character of U of order u. Define a homomorphism κ :
and XX = k 2 . By Theorem 3.4 and Corollary 3.6, we have X t = X and hence X g = X g t . Let ρ be the trivial character of V . Then ρ(X) = g∈V X g and ρ(X)ρ(X) = k 2 . Consider the sequence of orbits under the map g → g t on V . Note that the size of a non-trivial orbit is divisible by w. We derive
for some
We use the integral basis B of Q(ζ u ) over Q as defined in Result 2.8.
Claim 1(a) is true because X 1 = χ(E ∩ U ) and each coefficient of E is bounded by a in absolute value. Claim 1(b) follows from Claim 1(a) and Result 2.8.
Claim 2:
If k is self-conjugate modulo u then ρ(X) = k. By conditions (i) and (ii), one can use Result 2.6 and Result 2.3 to show that ρ(E) = k, up to equivalence. Hence, we may replace X by a translate so that ρ(X) = k is satisfied as well. . Thus, by assumption, k is selfconjugate modulo u and k > 2 δ(u) a. Then it follows from Claim 2 that ρ(X) = k.
Hence, X 1 = k. Now we view X . Hence, by assumption, k is self-conjugate modulo u and k < w − 2 δ(u) a. Recall that this implies ρ(X) = k, see Claim 2. Expressing all terms of ρ(X) in their basis representations, we deduce that k − c 1 is divisible by w. Note that k − c 1 = 0, for otherwise Y = 0. This implies
This gives a contradiction.
The following result is a direct consequence of Theorem 4.10. It rules out some infinite families of circulant weighing matrices which include two previously open cases CW (138, 36) and CW (184, 64). .
Let H be an abelian group of order q c p d ′ and exponent q c p d . Let G be an abelian group and N is a subgroup of G of order a such that G/N is isomorphic to H. If ord q (r) is even and 2a < k < w − 2a or Theorem 4.14. Let m, n, c, d be positive integers, and p > 3 be prime. Define
, ord p (2) .
Let k = 2 m 3 n such that k < w−2 and n ≥ 2 if m = 0. Let G be an abelian group
Proof. Let t be an integer such that t ≡ 1 mod 2 c and ord p (t) = w. All previous theorems show that, for some parameters v and k, if k falls into a bound, then IW (v, k) can not exist. The upper bound is determined by the order of a multiplier of IW (v, k). The following deals with a special case of infinite families of circulant weighing matrices which further improve the upper bound. 
(e) There exists an integer t such that
(ii) t ≡ 1 mod u.
is coprime with u and is square free.
Consider the sequence of orbits
of the orbit size. Then ρ(X) can be expressed as
Since ρ(X) = k, by comparing the coefficients on both side of the equations in their basis representations, and using conditions (b) and (c), one can show that
Using the evaluation of Gauss sums (see [23, Thm. 1, p . 75]), we can deduce that χ(
A direct computation shows that
Substituting χ(E)χ(E) = k 2 , we deduce
In view of (15), we obtain
Since M (4k − pM ) is coprime with u and is square free by assumption, we conclude that
2 is a square. Hence, they cannot be equal, a contradiction.
In the following, we present some applications of Theorem 4.16 to rule out some previously open cases. In particular, we settle the cases CW (112, 64), CW (133, 100), CW (184, 81) and CW (190, 100) which were previously open in Strassler's table.
Corollary 4.17. CW (v, k
2 ) do not exist for the following v and k. Let B, c x , d x and M x be as defined in the proof of Theorem 4.14. We see that for each x ∈ B,
Note that by Corollary 2.9, |d x | ≤ 9 for all x ∈ B. By Lemma 4.13, we have either |d 1 | = 9 and |d x | = 0 for all x = 1 or 2 < |d x | < 9 for all x ∈ B. By definition, |c x | ≤ 2 for all x ∈ B. In view of (16), we deduce that |d 1 | = 9 and d x = 0 for all x = 1. That is, ρ(X) = ±9.
In the following, we use a multiplier thorem to find all solutions of ICW 2 (77, 100), and subsequently rule out the open case CW (154, 100) from Strassler's table.
Theorem 4.20. Let E = ICW 2 (77, 100). Let α and β be elements in C 77 of order 7 and 11, respectively. Then
and σ is an automorphism of C 77 and g ∈ C 77 .
Proof. Define a homomorphism κ :
It is straightforward to show that 9 is a multiplier and hence we can assume X (9) = X. Consequently, we can write
where γ 0 = ζ 7 + ζ (18), we get
Let χ be a character of C 11 of order 11 such that χ(
. Then,
where Y ∈ γ0 2 + 1, γ1 2 + 1, 1 . Using the solutions in (19) to solve χ(X)χ(X) = 100, we have X is equivalent to one of the following:
Since the coefficients of E lie between −2 and 2, we can rewrite E as follows:
Let η be the natural homomorphism from C 77 to C 11 . We compute W = η(E) = −10D 1 − 2D 2 + 7Z ′ .
Since W W (−1) = 100,
A contradiction. So, X = 2D 1 (−γ 0 + 1) + D 2 (γ 0 − 1) and hence 
Again, since W W (−1) = 100, we get
By (20), we get b i = 0 for all i ∈ {0} ∪ S. Thus, 
Weil numbers
In this subsection, we utilize rational idempotents, algebraic number theory, and computer programs such as Magma and PARI to rule out the existence of CW (60, 36), CW (120, 36) and CW (155, 36). We exclude most of the details in the proof. The reader may refer to [39, Section 3.3.3] for the details.
Theorem 4.22. Let S = CW (60, 36) and χ be a character of C 60 of order 60. Then χ(S) is equivalent to θ 1 or θ 2 as defined in the following: 
]. But this means that the coefficients of S are constant modulo 3 on each coset of C 3 . Since S has coefficients 0, ±1 only, this shows that, in fact, that the coefficients of S are constant on each coset of C 3 . Thus S = C 3 Z for some Z ∈ Z[C 60 ]. But τ (S) = 0 for all character τ of C 60 which is trivial on C 3 . This contradicts SS = 36. Hence, χ(S) is not divisible by 3. Now, suppose χ(S) is divisible by 2. By Result 2.7,
]. Let g be the element of order 2 in C 60 and let ρ : C 60 → C 60 / g be the natural epimorphism. By [35, Lem. 6 .2], (30, 9) . But CW (30, 9) does not exist, see [3] . Hence, χ(S) is not divisible by 2.
Theorem 4.23. There is no CW (60, 36).
Proof. Suppose S is a CW (60, 36). Let U = ρ(S) where ρ is the natural homomorphism from C 60 to C 12 . Then S can be expressed as
with α w ∈ Z[C w ]. Let χ w be a character of C 60 of order w and let X w = χ w (α w ).
We have X w ∈ Z[ζ w ] and X w X w = 36. Suppose we know all such solutions X w , we can determine α w and hence enumerate all possibilities of V in (21) . In the following, we shall characterize all solutions of X w up to equivalence. From Theorem 4.22, X 60 is equivalent to θ 1 or θ 2 . With computer assistance, we deduce that X 30 is equivalent to 3(1 − 2ζ 30 − ζ In view of (21), we have (5 − C 5 )V is in Z[C 60 ]. However, by direct analysis of all possible combinations of X w in V , we find that (5 − C 5 )V is not integral. Hence, S can not be CW (60, 36).
We remark that a different argument using intensive computer searches was presented in [17] , which yields the same conclusion.
The argument in Theorem 4.23 can be extended to get all ICW 2 (60, 36). With computer assistance, we classified all ICW 2 (60, 36) up to equivalence. We also found all solutions of XX = 36 for X ∈ Z[ζ 120 ] using computer. There are 24 of these solutions, up to equivalence. We use these ICW 2 (60, 36) and Weil numbers solutions to show that no CW (120, 36) exists. The reader may refer to [39, Thm. 3.3.26] for the details. 
A Updated Strassler's table
Here, we provide the most updated version of Strassler's table, see Table 3 . We incorporated all latest results known so far, see [9, 10, 27, 26, 35, 42, 5] . Previously open cases that we have settled in this paper are labeled with "N". Those are CW (v, n) for the following pairs of (v, n): (60, 36), (120, 36), (138, 36),  (155, 36), (184, 36), (128, 49), (112, 64), (147, 64), (184, 64), (105, 81), (117, 81) , (184, 81), (133, 100), (154, 100), (158, 100), (160, 100), (176, 100), (190, 100), and (192, 100). In the table, we also indicate which cases of CW (v, n) with n > 25 that can be proved to be non-existent by the results presented in this paper. All CW (v, n)s with n ≤ 25 have been completely classified, see [3, 19, 6, 7, 18, 38] . We use the following labels: (A) for Theorem 4. In addition, we solved some open cases in the table of group invariant weighing matrices of [4] , where the group is abelian but non-cyclic. Table 4 
Existence (Y), nonexistence (·), nonexistence found by computer (*), nonexistence shown in this paper (N), and open cases (?) for CW (v, s 2 )
